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Abstrat
The struture of a vortex in the inner rust of neutron stars is alulated within the framework
of quantum mean eld theory taking into aount the interation with the nulei omposing the
Coulomb lattie. Making use of the results obtained with dierent nulear interations, the pinning
energy, relevant in the study of glithes, is worked out. Quantal size and density dependent eets
are found to be important.
1
I. INTRODUCTION
Aording to standard theoretial models, the inner rust of a neutron star, where a
lattie of nulei is surrounded by a sea of free neutrons and relativisti eletrons, lies in
the range of densities between 4 ×1011 and 1.6 ×1014 g/m3 ( 0.0014 n0 and 0.57 n0 ,







mirosopi study of this system was arried out by Negele and Vautherin. They determined,
making use of a Skyrme-like funtional of the energy, the isotopi omposition as well as
the distane between the (spherial) nulei forming the Coulomb lattie [1℄. Subsequent
studies found that for densities larger than about n0/3, other shapes rather than spherial
beome favoured [2℄-[4℄. This is still a debated topi. In any ase, in our study we shall limit
ourselves to densities n < n0/3, where the assumption of spherial nulei is onsidered to
be safe. Another assumption at the basis of Negele and Vautherin's study was the Wigner-
Seitz approximation, in whih one studies a single ell of the lattie. Only very reently
alulations using band theory have been performed [5℄.
Studies of neutron matter testify to the fat that the system is superuid in a wide range
of densities [6℄. This result implies that the rotation of the star leads to the formation of
vorties in the rust. They are expeted to form an array whose average density per unit





where Ω is the angular veloity of the star and m is the nuleon mass. The above relation
leads to an average (marosopi) distane between vorties of the order of 10−3 m for
Ω ∼ 1 ms−1.
The presene of impurities - represented, in the present ase, by the nulei onstituting
the lattie - has a profound inuene on pairing orrelations and on vortex dynamis. In
fat, momentum is muh higher inside the nulear volume than in the surrounding neutron
sea. This fat leads, as a rule, to a derease of the pairing gap. Vorties, whose ore is made
out of normal matter, may thus nd it energetially favourable to pin to the impurities,
reduing the loss of pairing energy.
One of the reasons for the interest in the interation between vortex and nulei in the
inner rust is due to its relation with a possible explanation for the phenomenon of glithes,
the sudden spinup of the rotation frequeny observed in many neutron stars [7, 8℄.
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Considerable information onerning glithes has been aumulated over the years, and
their properties are ompatible with the inner rust as their origin [9℄. However, a detailed
omparison between observations and theoretial models has never been attempted. This
is partly due to the fat that even the basi stati interation between a single nuleus and
a vortex has never been studied in detail with state-of-the-art miosopi theory, let alone
the muh more omplex issue of vortex dynamis in the inner rust. Only semilassial
estimates of the pinning energy - the energy ost to build up a vortex on a nuleus, rather
than far from it - have been available [10, 11, 12℄, while the rst quantal study of a vortex
in uniform neutron matter was worked out only a few years ago [13℄.
In the following we present a detailed aount of a mirosopi study, based on Hartree-
Fok-Bogoliubov (HFB) quantum mean eld theory, of the struture of a vortex in the inner
rust of a neutron star ( partial aounts of this work were published in refs. [14, 15, 16℄). In
the present paper we aim at larifying some basi qualitative features of the nuleus-vortex
interation, whih, to our knowledge, have not been onsidered until now (in partiular
quantal nite size eets) and are absent from semilassial models. We are well aware that
our work represents only a starting point for a omprehensive understanding of vorties in
the inner rust of neutron stars and of their possible relation to the phenomenon of glithes,
beause of various limitations whih remain at the basis of our approah. In partiular:
- We treat pairing only at the mean eld level. It is well known that medium polarization
eets have a deep inuene on pairing orrelations in homogeneous matter [6℄. This is even
more so in the ase of the inhomogeneous systems assoiated with eah of the Wigner-Seitz
ells studied by Negele and Vautherin [17℄.
- We restrit ourselves to the region of spherial nulei, while the largest ontribution to
the moment of inertia of the inner rust ome from the deepest layers, where the assumption
of spherial nulei breaks down, and other phases (like the pasta phase) beome important.
- We onsider the interation between a single nuleus and the vortex, negleting the
inuene of other nulei building the Coulomb lattie. The soundness of this approximation
depends on the vortex radius - beoming unaeptable when the vortex radius is of the
order, or larger than, the radius of the Wigner-Seitz ell.
- We assume axial symmetry for the nuleus-vortex system. As a onsequene we an
only onsider speial spatial ongurations, and we are not able to alulate the pinning
energy as a funtion of the distane between the enter of the nuleus and the vortex axis.
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- In our alulations we assume a simple isotopi omposition for the nulei, using always
the same number of protons Z = 40, orresponding to a proton shell losure, as we neglet
the spin-orbit term in the single-partile potential. A better alulation should onsider
the spin-orbit term of the mean eld and use an updated version of the original Negele
and Vautherin analysis [18℄, in whih the eets of pairing orrelations are onsidered in
determining the favoured number of protons and the lattie step, as a funtion of density.
Finally, there are limitations whih are intrinsi to the present status of the theory of
nulear interations and nulear struture, in partiular onerning the hoie of the ef-
fetive interation used to produe the mean eld. In fat, we shall see that some of our
results depend, sometimes even qualitatively, on partiular features of the seleted nulear
interation.
II. HARTREE-FOCK-BOGOLIUBOV EQUATIONS
We want to study the properties of nulei embedded in a sea of superuid free neutrons,
as well as the properties of partiular exitations of suh a system, namely vorties. The best
available tool to arry out suh a study at the mean eld level is provided by the Hartree-
Fok-Bogoliubov (HFB) theory. The assoiated equations are widely used in both nulear
and solid state physis, where they are better known as the Bogoliubov-De Gennes equations
[19, 20℄. The HFB equations allow, starting from two-body fores Vph and Vpair (assumed to
be of zero range) in the partile-hole hannel and in the partile-partile hannel respetively,
to determine in a self-onsistent way the single-partile Hartree-Fok Hamiltonian H =
T + UHF and the pairing eld ∆(x), as well as the amplitudes ui, vi and the energies Ei of
the quasi partiles. For a given partile speies (neutrons or protons), the HFB equations
an be written as 

(H(x)− λ)ui(x) + ∆(x)vi(x) = Eiui(x)
∆∗(x)ui(x)− (H(x)− λ)vi(x) = Eivi(x)
(2)
where λ denotes the hemial potential, whih is xed so as to yield the desired average
number of partiles.
While this framework is quite solid, the situation is very dierent onerning the hoie
of residual interations ating in the partile-hole and in the partile-partile hannel. The
situation is made partiularly trying, beause in the Wigner-Seitz ell we must deal both
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with strongly asymmetri matter (in the interior of the nulei) and with low-density neutron
matter. The parameters of the ommonly adopted eetive fores are usually derived tting
binding energies and other properties of atomi nulei (mostly magi nulei) in their ground
state, as well as the binding energy of nulear matter. In some ases also results in neutron
matter have been taken into aount, but at higher densities than those relevant here. On
the other hand, many-body alulations should give reliable results for the equation of
state of low-density neutron matter, beause the unertainties related to three-body fore
play a minor role. The density dependene of neutron matter energy resulting from suh
alulations has in fat been ompared to that of urrent Skyrme fores (f. e.g. [2, 21℄).
We shall make use of the two Skyrme fores SkM
∗
and SLy4, whih display a number of
attrative properties. The value of the energy per nuleon E/A, alulated with Brükner
theory based on a G-matrix derived by the bare nuleon-potential, and shown in Fig. 2,
lies in between the results obtained with these two fores. A very relevant quantity in our
studies appears to be the eetive mass assoiated with the eetive fores. To investigate
this point, we have deided to show also results obtained with two other fores: SII and
SGII, whose eetive mass is lose to that of SLy4 and of SkM
∗
respetively (f. Fig. 1).
Figure 1: (left) The energy per baryon alulated in neutron matter with Brükner theory with the
bare nuleon-nuleon Argonne interation V18 (dot-dashed urve) [21℄ is ompared to the results
obtained with the Skyrme interations SII (solid urve), SLy4 (dashed urve), SkM* (short dashed
urve ) and SGII (dotted urve).
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Figure 2: The eetive mass in neutron matter (left panel) and in symmetri nulear matter (right
panel) for the dierent Skyrme interations used in this paper: SII (solid urve), SLy4 (dashed
urve), SkM* (short dashed urve), and SGII (dotted urve).
Conerning the partile-partile hannel, we shall use the density dependent ontat fore
Vpair(x,x








whose parameters V0 = -481 MeV fm
3
, η = 0.7 and α = 0.45 have been hosen so as to
reprodue the pairing gap of neutron matter obtained making use of a realisti nuleon-
nuleon interation [22℄. Beause of the zero-range nature of the interation, all values of
the momentum transferred in the nuleon-nuleon interation proesses are allowed. As
a onsequene one needs to introdue a uto parameter Ecut. We have implemented this
ondition in the basis used to alulate the pairing matrix elements (f. Appendix A), taking
only single-partile states with energies lower than Ecut = 60 MeV. In Fig. 3 we ompare
the pairing gaps at the Fermi energy alulated in neutron matter with this fore and with
the bare Argonne nuleon-nuleon potential. In Fig. 3(a) and (b) we use the single-partile
levels alulated with the SLy4 and the SkM
∗
interation respetively: the latter yields
higher values of the gap, beause of the higher eetive mass and thus of the higher single-
partile level density. The ontat fore reprodues rather well the density-dependene of
the gap obtained with the bare fore, although it underestimates the value at the maximum
by 10-20%.





. We shall follow ref. [23℄, but we shall neglet the spin-orbit Hso and
spin oupling Hsg terms in the Hamiltonian (f. the omments at the end of Setion IV B
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Figure 3: (a) The BCS pairing gap ∆F in uniform neutron matter at the Fermi energy, is shown
as a funtion of the Fermi momentum kF = (3pi
2n)1/3, alulated with the zero-range, density
dependent pairing interation (3) (dashed urve) or with the Argonne interation (solid urve). In
both ases the single-partile levels have been alulated with the SLy4 interation. (b) The same,
but with single-partile levels alulated with the SkM* interation.
nd Fig. 21). Furthermore, we shall neglet the terms assoiated with the time-odd momen-
tum density (see for example [26℄), whih are assoiated with the presene of the vortex. In
fat, we have evaluated their ontribution to the energy perturbatively, nding that their
ontribution is negligible for the sope of this paper.






i (x), aording to
∆(x) = −Vpair(x)κ(x). (4)
The HFB equations are solved enlosing the system in a ylindrial box of radius ρbox
= 30 fm and height hbox = 40 fm (f. Fig. 4). We assume perfetly reeting walls, with
single-partile wavefuntions whih vanish at the edges of the box (see the remarks on this
issue in Appendix A).
In the alulations disussed in the following, we shall only onsider axial symmetry, in
whih ase the pairing eld an be written as [20, 24, 25℄
∆(ρ, z, φ) = ∆(ρ, z)eiνφ, (5)
ν being the vortex number, whih indiates the number of quanta of angular momentum
arried by eah Cooper pair. In partiular, if we set ν = 0 we obtain the usual HFB
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Figure 4: Geometrial features of the ylindrial ell used in most alulations of this paper.
equations (no vortex). Setting instead ν = 1, we an desribe a vortex exitation, in whih
eah Cooper pair arries one unit of angular momentum along the z−axis. Experiments
on superuids indiate that it is energetially more favorable to develop an array of ν = 1
vorties rather than a few vorties arrying many quanta of angular momentum and in the
following we shall apply this ondition also in neutron stars. When ν 6= 0, one obtains a
urrent given by









and an assoiated veloity eld J/n. Aside from axial symmetry, the system has mirror
symmetry respet to the x− y plane (see Fig. 4), so that ∆(ρ, z) = ∆(ρ,−z). Applying the
parity operator (φ→ φ+ π and z → −z) to the pairing eld we obtain
Pˆ∆(ρ, z)eiνφ = eiνpi∆(ρ, z)eiνφ. (7)
Therefore the pairing eld is an eigenstate of the parity operator with eigenvalue (−1)ν .
This ondition implies that the Cooper pairs involved in the ν = 1 exitation are onstruted
out of single partile levels of opposite parity.
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Rather than solving the HFB equations diretly in oordinate spae, we expand them on
a single-partile basis. For details onerning the numerial proedure, we refer to Appendix
A.
III. THE PINNING ENERGY
Models that relate the glith phenomenon to the vortex dynamis in the inner rust,
usually assume that the vortex lines whih thread the neutron superuid pin to the rust,
being attrated or repelled by the nulei forming the Coulomb lattie. If the vortex lines
remain xed, the veloity of the superuid remains onstant, while the veloity of the rust
dereases due to the magneti braking. At some ritial veloity dierene, the Magnus
fore unpins the vortex lines, and angular momentum is given bak to the star, ausing the
glith.
The determination of an 'optimal' vortex line depends, besides the lattie properties and
the vortex tension, on the vortex-nuleus interation, or, more preisely, on the free energy
as a funtion of the distane between the nuleus and the vortex axis. As it was mentioned
in the Introdution, although in the present paper we shall improve in dierent ways on
previous models, we shall only be able to ompare the two limiting ongurations: a vortex
whose axis passes through the enter of the nuleus, and a vortex plaed far from the nuleus.
We shall now disuss more preisely how we ompute the pinning energy, Epinning, at a
given density in the rust, following (exept for a sign) the denition by Epstein and Baym
[10℄. At a given density, they alulated, within the Ginzburg-Landau approximation, the
energy of the vortex-nuleus system as a funtion of the distane between the vortex axis
and the enter of the nuleus, determining the onguration of minimum energy, whih
often turned out to orrespond to zero distane. Then they alulated the pinning energy
as the dierene between this minimum energy and the energy of a onguration where
the vortex and the nuleus are suiently far apart, so that their mutual interation an
be negleted. Due to the axial symmetry ondition, we shall only ompare the energies of
the zero-distane onguration (vortex axis passing through the enter of the nuleus) and
of the non-interating one. In this framework we only deal with one nuleus at a time,
negleting the interation of the vortex with distant nulei. The situation an then be
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Figure 5: (left) The pinning energy Epinning is obtained taking the dierene between the energy of
the pinned onguration (1), in whih the vortex axis passes through the enter of the nuleus, and
the energy of the interstitial onguration (2), in whih the vortex is far from the nuleus. (right)
We rearrange the ongurations on the left, indiating that the pinning energy is equivalent to the
dierene between the energy ost to build the vortex on a nuleus (Evornuc) and in uniform matter





shematially depited as in the left part of Fig. 5. We have to ompare the energies of
the pinned onguration (1) (vortex axis passing through the enter of the nuleus) and of
the interstitial onguration (2) (vortex axis far from the nuleus). We an then onsider






where Evorunif is the energy of a vortex in the uniform matter onguration, ompared to the
energy of the same onguration in its ground state, while Evornuc is the energy of the vortex
pinned on a nuleus (immersed in the neutron sea), ompared to the energy of the isolated
nuleus immersed in the neutron sea; that is,
Evornuc = Epinned − Enucleus
Evorunif = Evortex − Euniform,
(9)
where the energy assoiated with eah of the four ongurations is alulated as desribed
in Appendix A. Pinning the vortex on the nuleus is energetially onvenient, if the pinning
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energy is negative (note that Epstein and Baym dene the pinning energy with the opposite
sign). We note that the total and pairing energy of the various ongurations, as well as
the energy ost to reate the vortex, depend on the size of the box. On the ontrary, the
value of the pinning energy, whih is the result of a phenomenon loalized on the nuleus,
onverges for a suiently large box.
In pratie, four dierent HFB alulations have to be performed, using the same ylin-
drial ell (f. Fig. 6): one with Z = 40, ν = 1 (Fig. 6(a)), yielding Epinned; one with
Z = 40, ν = 0 (Fig. 6(b)), yielding Enucleus; one with Z = 0, ν = 1 (Fig. 6()), yielding
Evortex; and nally, one with Z = 0, ν = 0 (Fig. 6(d)), yielding Euniform. To obtain the
orret pinning energy it is essential that the alulations refer to the same asymptoti neu-
tron density. In the alulations (b) and (d), without the vortex, we use the same value of
the hemial potential λ, yielding Nnucleus and Nuniform neutrons in the ylindrial ell. The
presene of the vortex in alulations (a) and () leads in eah ase to a small derease of
the number of partiles. We ompensate this redution by a slight inrease in the value of
λ. In pratie, rather than attempting a very ne tuning of λ we prefer to aount for the
residual dierene in the number of partiles subtrating the terms
∆Enuc = λ(Npinned −Nnucleus) ; ∆Eunif = λ(Nvortex −Nuniform) (10)
respetively to Evornuc and to E
vor
unif . Even if the pinning energies represent only a small fration
of the total energy, of the order of 10−3−10−4, the subtration sheme we have just outlined
produes numerially reliable results (f. Appendix B), whih will be presented in the next
Setion. One should notie that the size of the ylindrial ell does not have to oinide
with that of the physial Wigner-Seitz ell; it must only be large enough, so as to obtain
onvergent results for Epinning. It is lear, however, that negleting neighbouring nulei an
be inonsistent, if the radius of the box beomes of the order of the lattie onstant. This
point will be further disussed below in Setion IV C.
IV. RESULTS
We have performed alulations at dierent densities in the inner rust, ranging between
n ≈ 0.001 fm−3 and n ≈ 0.04 fm−3. Our disussion will be mostly based on the results
obtained at eight densities with the interation SLy4 and SkM
∗
, but we shall also present
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Figure 6: Shemati piture of the four dierent physial ongurations needed to alulate the
pinning energy: (a) ell with a vortex pinned on a nuleus ; (b) ell with a nuleus in the neutron
sea ; () ell with a vortex in the neutron sea; (d) ell in the uniform neutron sea.
results obtained with the interations SII and SGII (f. Tables I and II).
In the following we rst present the results obtained for a nuleus embedded in the neutron
sea, in the absene of vortex (HFB alulations with ν = 0). We then disuss the struture
of the vortex (ν = 1), without or with the nuleus. Finally, we present the pinning energies




℄ a [fm℄ n0 [fm
−3
℄ R0[fm℄
SLy4 0.001 0.82 0.098 6.06
SLy4 0.002 0.82 0.098 6.04
SLy4 0.004 0.82 0.090 6.81
SLy4 0.008 0.86 0.091 6.75
SLy4 0.011 0.91 0.089 6.76
SLy4 0.017 0.96 0.081 7.33
SLy4 0.026 1.05 0.070 7.83
SLy4 0.037 1.13 0.057 8.43
SII 0.001 0.73 0.093 6.15
SII 0.002 0.73 0.093 6.14
SII 0.004 0.74 0.092 6.10
SII 0.008 0.77 0.086 6.74
SII 0.011 0.78 0.085 6.71
SII 0.016 0.81 0.082 6.75
SII 0.024 0.87 0.073 7.18
SII 0.035 0.94 0.062 7.60
Table I: Parameters of the Fermi funtion (11), tting the alulated neutron densities in the Wigner





℄ a [fm℄ n0 [fm
−3
℄ R0[fm℄
SkM* 0.001 0.88 0.097 6.12
SkM* 0.002 0.90 0.097 6.17
SkM* 0.004 0.96 0.091 6.76
SkM* 0.008 0.97 0.088 6.73
SkM* 0.012 1.00 0.086 6.78
SkM* 0.016 1.05 0.080 7.03
SkM* 0.025 1.09 0.070 7.33
SkM* 0.038 1.17 0.054 7.95
SGII 0.001 0.86 0.097 6.91
SGII 0.002 0.88 0.097 6.91
SGII 0.004 0.90 0.096 6.82
SGII 0.008 0.94 0.092 6.86
SGII 0.011 1.00 0.086 7.34
SGII 0.016 1.00 0.082 7.38
SGII 0.026 1.07 0.070 7.77
SGII 0.037 1.13 0.057 8.27
Table II: Parameters of the Fermi funtion (11), tting the alulated neutron densities in the
Wigner Seitz ells with the SkM* and SGII interations. The values of the density have been
rounded o at the third digit.
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A. Calulations with ν = 0
We rst disuss the density and the pairing gaps obtained solving the HFB equations
for ν = 0 in the ylindrial box, for the nulei immersed in the neutron sea at the various
densities. The pairing eld in the Wigner-Seitz ell has been studied by various groups,
either based on Woods-Saxon potentials [27℄ or on selfonsistent HFB alulations with
Skyrme fores [18, 28, 29℄. The eets of temperature, and the spei heat, have also
been disussed [27, 29℄, but we shall limit ourselves to zero temperature. Our alulations
are performed assuming axial symmetry, and they should respet the spherial symmetry of
isolated nulei. In our alulations the neutron density is a funtion of the oordinates ρ and
z. To test the spheriity of our alulations we evaluate the mean value of the density within
a spherial shell 0.05 fm wide and entered around a mean distane r from the enter of the
nuleus and then evaluate the utuations at every point. The relative error (rms/average
density) is everywhere lower than 0.03.
As rst remarked by Negele and Vautherin [1℄, nulei in the inner rust turn out to be
fatter than atomi nulei, due to their interation with the neutron sea. We have tted the
neutron density resulting from our alulations with a Fermi funtion:







where n∞ gives the asymptoti value of the neutron density far from the nuleus, and we
have determined the values of n0, R0 and a whih best reprodue the omputed density
prole and are reported in Tables I and II. In the alulations we have adjusted the value of
λ so as to obtain the same set of values of n∞ for the various interations, but there remain
slight dierenes in a few values (f. also Tables III and IV). We ompare the alulated
and tted densities for three ases in Fig. 7. The diusivity a inreases from about 0.7 to
about 1.1 fm with inreasing density, to be ompared with the typial value of 0.65 fm for
nite nulei, and the radius R0 (up to 8 fm at the highest densities) also turns out to be
rather large ompared to ordinary nulei.
In Figs. 8-10 we show the pairing gaps and selfonsistent potentials as a funtion of the
distane from the nuleus, alulated for n∞ ≈ 0.001, 0.01 and 0.035 fm
−3
; the assoiated
eetive masses are shown in Fig. 11.













































Figure 7: The neutron density alulated in the ylindrial box with the nuleus on the z = 0 plane
(rosses) is ompared with the t obtained with the Fermi funtion (f. Eq. 11). As we disuss
in the text, the alulated density is spherially symmetri to a good approximation. The gures
refer to the asymptoti densities n∞= 0.001, 0.011 and 0.037 fm
−3
, and have been omputed with
the SLy4 interation.
the eetive masses assoiated with SGII and SkM* are quite similar ( m∗/m ≈ 0.9 in the
interior of the nuleus), as are those assoiated with SLy4 and SII (m∗/m ≈ 0.7). In order
to reprodue the same asymptoti density the SII and SLy4 interations produe a deeper
selfonsistent potential than the SkM* and SGII. In all ases the pairing gap inreases, going
from the nulear region to the sea of superuid neutrons. This is in keeping with the density
dependene of the pairing gap in uniform matter, previously shown in Fig. 3: the interior
of the nuleus orresponds to large values of the loal Fermi momentum where the pairing
gap tends to vanish, while even at the smallest densities onsidered here, the gap in neutron
matter is at least lose to 1 MeV. In the ase of the SkM* and SGII interations the pairing
gaps show a peak in the nulear surfae region for n∞ ≈ 0.001 fm
−3
(f. Fig. 8). The pairing

















Figure 8: Pairing gap (left) and selfonsistent potential (right) in the ylindrial ell without the
vortex (Z = 40, ν = 0) for n∞ ≈ 0.001 fm
−3
(kF ≈ 0.3 fm
−1
). The dierent interations are: SLy4



















Figure 9: Pairing gap (left) and selfonsistent potential (right) in the ylindrial ell (Z = 40, ν = 0)
for n∞ ≈ 0.011 fm
−3
(kF ≈ 0.7 fm
−1
). The dierent interations are: SLy4 (dashed urve), SkM*


















Figure 10: Pairing gap (left) and selfonsistent potential (right) in the ylindrial ell (Z = 40, ν =
0) for n∞ ≈ 0.035 fm
−3
(kF ≈ 1 fm
−1
). The dierent interations are: SLy4 (dashed urve), SkM*
(short dashed urve), SII (solid urve), and SGII (dotted urve).
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Figure 11: Eetive masses assoiated with the alulations presented in Fig. 8 (n∞ ≈ 0.001 fm
−3
,
top left), in Fig. 9 (n∞ ≈ 0.01 fm
−3
, top right), and in Fig. 10 (n∞ ≈ 0.035 fm
−3
, bottom) for
the four interations SII (solid urve), SLy4 (dashed urve), SkM* (short dashed urve) and SGII
(dotted urve).
B. Calulations with ν = 1
We now turn our attention to the HFB alulations of the vortex (ν = 1). We rst
disuss the results we obtain for the uniform neutron sea (Z = 0). In this ase the vortex
onguration keeps ylindrial symmetry, and a ut at a xed value of z provides omplete
information. The density proles and the pairing gap obtained with the SLy4 interation
at four dierent densities are reported in Fig. 12. The pairing gap vanishes on the vortex
axis, and grows linearly for about 3-5 fm; then it slowly inreases towards the value in ν = 0
neutron matter. In keeping with Fig. 3, the asymptoti value of ∆ reahes its maximum
for kF ∼ 0.8 fm
−1
, that is, for n ∼ 0.02 fm−3. Near the vortex axis the pairing gap displays
osillations that have been interpreted as Friedel-like osillations, due to the presene of
bound states in the vortex ore [30℄. Our results are very similar to those obtained by
Bulga and Yu, who have solved the HFB equations for a vortex in uniform, innite neutron
matter for the rst time [13℄. In partiular, the depletion of the density lose to the vortex
axis (f. Fig. 12) and the behaviour of the veloity eld (f. Fig. 13) are in good agreement
18
with their results. Note however that we use a dierent pairing interation and that we




























Figure 12: (left) Neutron density proles for the vortex solution, without the nuleus at the enter
of the ell (Z = 0, ν = 1), alulated with the SLy4 interation at dierent densities: n∞ =
0.0013 fm
−3
; (solid urve, the density shown has been multiplied by 5), n∞ =0.011 fm
−3
; (dashed
urve), n∞ = 0.026 fm
−3
(short dashed urve) and n∞ = 0.037 fm
−3


















Figure 13: Veloity eld of a vortex alulated in the ell without the nuleus (Z = 0, ν = 1), with
the SLy4 interation alulated with n∞ = 0.0013 fm
−3





; (short dashed urve), and 0.037 fm
−3
; (dotted urve). For large values of ρ the
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Figure 14: The level urves (values in MeV) of the pairing gap assoiated with a vortex pinned on
a nuleus (Z = 40, ν = 1, top left), with a vortex in uniform matter (Z = 0, ν = 1, top right) and
with a nuleus in the neutron sea (Z = 40, ν = 0, bottom) obtained with a SLy4 fore for n∞ =
0.011 fm
−3
. The nuleus is at ρ = z = 0 and the vortex is along the z-axis.
We now disuss the alulation of the vortex pinned on the nuleus (Z = 40, ν = 1). The
main results are illustrated in Figs. 14 and 15, whih refer to a alulation performed at
n∞ = 0.011 fm
−3
with the SLy4 interation. In Fig. 14 we show the gap in the ρ, z plane.
In Fig. 15 the gap is shown as a funtion of ρ in the z = 0 equatorial plane. In Fig. 15 we
also make a omparison with the pairing gaps obtained for a vortex in uniform matter and
for a nuleus in the neutron sea, previously disussed. The neutron density and the veloity
eld are shown in Fig. 16.
For large values of z the properties of the vortex are the same as those alulated for uni-
form matter (f. Fig. 14). Approahing the nulear surfae the vortex is strongly modied,
and the assoiated pairing gap is suppressed within its volume and also on its surfae (for
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Figure 15: (left) The pairing gap assoiated with the pinned vortex on the z = 0 plane (Z =
40, ν = 1, solid line) is ompared with the gap assoiated with the nuleus in the absene of the
vortex (Z = 40, ν = 0, dashed line). (right) The pairing gap assoiated with the pinned vortex
(Z = 40, ν = 1, solid line) is now ompared to the gap assoiated with the vortex in uniform matter
(Z = 0, ν = 1, short dashed line); the latter is also shown translated by 7.8 fm (dashed line). The








































Figure 16: (left) Density with (Z = 40, ν = 1, solid line) and without (Z = 40, ν = 0, dashed line)
the vortex, alulated at n∞ = 0.011 fm
−3
on the z = 0 plane with the SLy4 fore. (right) Veloity
eld of the pinned vortex. The dierent urves refer to dierent uts; the dot-dashed line is the
~/2mρ funtion.
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nuleus in the absene of the vortex (∆ ≈ 1 MeV) and ompared to the ase of a vortex in
uniform neutron matter (∆ ≈ 2 MeV). The typial linear rise of the gap away from the vortex
axis is delayed by about 8 fm, whih is about the radius of the nuleus, as ompared to the
uniform ase (f. Fig. 15). In other words, the vortex opens up and surrounds the nulear
volume, being unable to penetrate into it. The suppression of the ν = 1 pairing eld inside
the nuleus was already found (but not thoroughly disussed) in a quantum alulation by
Elgarøy and De Blasio [30℄, although their study was not self-onsistent and assumed an
unrealisti ylindrial shape for the nuleus. The same eet appears onerning the veloity
of the vortex ow. The veloity vanishes inside the nulear volume, and the typial rise of
the veloity eld from zero to the asymptoti Onsager dependene v = ~/2mρ is delayed,
again by about 8 fm at z = 0. The vortex indues some hanges on the nulear density,
whih beomes somewhat elongated along the vortex axis, inreases lose to the enter of
the nuleus and dereases lose to the surfae, mostly around the equatorial plane (f. Fig.
16). This behaviour an be ompared with the ase of the vortex in uniform matter, where
the depletion takes plae lose to the axis (f. Fig. 12 above).
The pairing gaps alulated for the four ongurations at n∞ ∼ 0.001, 0.01 and 0.035
fm
−3
with the interations SLy4 and SkM* are olleted in Figs. 17-19. The results obtained
with SLy4 at all densities reet the main features disussed above (the results obtained with
the SII interation are very similar). One an observe that at the highest density, the results
obtained with the SkM* interation show a dierent behaviour. In fat, in this ase the
pairing gap assoiated with the vortex is not suppressed in the interior of the nuleus, but
it shows a onstant inrease: the vortex an penetrate the nuleus. Dierenes are present
also in the density (whih presents a slight depletion lose to the vortex axis) and in the
veloity (whih does not go to zero in the interior of the nuleus), whih are loser to the
ase of the vortex in uniform matter. The pairing gap assoiated with the pinned vortex
obtained with the SkM* (and with the SGII) interation an be approximated rather well
assuming that the gap suppressions produed by the nulear eld (∆nucleus(ρ)/∆∞) and by
the vortex in uniform matter (∆vortex(ρ)/∆∞) respet to the value in uniform matter ∆∞
at simultaneously and independently (f. Fig. 20). The superposition of the eets is then
the produt of the two suppressions:
∆(ρ) = (∆vortex(ρ)/∆∞) · (∆nucl(ρ)/∆∞) ·∆∞. (12)
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This approximation would fail badly in the ase of SLy4 interation, where the pairing of
the pinned vortex is suppressed muh more strongly in the interior, as disussed above.
Figure 17: The pairing gaps assoiated with the four dierent ongurations (pinned vortex (Z =
40, ν = 1): solid urve; nuleus in the neutron sea (Z = 40, ν = 0): dashed urve; vortex the
neutron sea (Z = 0, ν = 1): short dashed urve; uniform neutron sea (Z = 0, ν = 0: dotted urve)
alulated with the SLy4 (left) and the SkM* (right) interations at n∞ ∼ 0.001 fm
−3
.
Figure 18: The same as Fig. 17, but for the density n∞ ∼ 0.01 fm
−3
.




Figure 20: The pairing gaps alulated with the SGII (left) and the SkM* (right) interations at
n∞ ∼ 0.035 fm
−3
(solid lines) are ompared with the expression (12) (dashed lines).
The dierent behaviours disussed above an be understood qualitatively in terms of
nulear shell eets. As we remarked previously, the ν = 1 Cooper pairs are formed out of
single-partile levels of opposite parity. Shell eets strongly hinder the formation of suh
Cooper pairs inside the nulear volume, as they separate the levels of opposite parity lying
within the nulear potential (i.e. the resonant states) by several MeV, even if these levels lie
in the ontinuum. This an be seen in Fig. 22(a) and (b), where we show a alulation of the
phase shifts δl(E), for l = 0− 10, in the mean eld (without the vortex) assoiated with the
interation SLy4 at the densities n∞ = 0.011 fm
−3
(f. Fig. 9) and n∞ = 0.037 fm
−3
(f. Fig.
10). In the gures the energy E is referred to the asymptoti value V∞ of the self-onsistent
potential UHF far from the nuleus (f. Fig. 9 and Fig. 10). In Fig. 22() and (d) we
show the same alulation for the SkM
∗
interation. We reall that the resonant states and
the resonant energy are haraterized by the onditions δl(Eres) = (2n + 1)π/2, n = 0, 1, ..,
and dδl(Eres)/dE > 0, whih in the present ases are fullled by states with energies up to
about 30-40 MeV. At low density (f. Fig. 22(a) and ()) the phase shifts are similar for
the two interations. Close to the Fermi energy λ− V∞, whih is about 10 MeV, one nds a
rather narrow resonane for l = 7 (Γ = π/(dδl(Eres)/dE) ≈ 3MeV ); one also nds narrow
resonanes for l = 6 (Γ ≈ 0.5MeV ) and rather well dened resonanes for l = 8 (Γ ≈ 15
MeV ), but they lie about 7 MeV below or above the Fermi energy.
In Fig. 22(b) and (d) we show a alulation at higher density, orresponding to λ −
V∞ about 25 MeV. One still nds resonant states in the region around the Fermi energy,
assoiated with l = 8 − 9, but they are muh broader for the SkM∗ (the width beoming
larger than the entroid energy) than for the SLy4 interation (Γ ≈ 9 MeV ompared to
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Figure 21: Shemati gure showing that the spin-orbit interation tends to shift the energy of
single-partile pairs involved in the formation of S = 0, ν = 1 Cooper pairs by the same amount
(f. text).
Eres − V∞ ≈ 15 MeV for l = 8, and Γ is still of the order of Eres − V∞ for l = 9), in keeping
with the fat that the mean-eld potential is muh shallower. The role of shell eets in the
SkM
∗
ase is orrespondingly muh redued, and the pairing interation is able to mix levels
of opposite parity and to reate a pairing eld of ν = 1 harater inside the nulear volume.
This interpretation is reinfored by a alulation of a ν = 2 vortex. In this ase, Cooper
pairs are formed out of single-partile states of the same parity, and one an see in Fig. 23
that already for n∞ = 0.011 fm
−3
the pairing gap obtained with the SLy4 interation does
not vanish within the nuleus: its value an be reprodued by the simple approximation of
Eq. (12), similar to the ase of the SkM* interation at high density (f. Fig. 20).
It ould be argued that the spin-orbit interation, not onsidered in the present alu-
lation, will shift the relative energies of levels of dierent parity around the Fermi energy,
eventually modifying the pairing gap we obtain. However the ν = 1 pairing eld on-
nets single-partile levels with opposite spin projetions, and with Lz-values suh that
Lz(1)+Lz(2) = ν. This implies (exept for Lz = 0− 1) that the produts Lz(1) ∗ Sz(1) and
Lz(2) ∗ Sz(2) have the same sign, so that the two levels will be shifted by about the same
amount by the spin-orbit interation, as illustrated in Fig. 21. One thus does not expet a
25
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(b)   SLy4    n
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 = 0.037 fm-3
























(c)       SkM*    n
∞
 = 0.011 fm-3























(d)    SkM*    n
∞
= 0.038 fm-3
Figure 22: Phase shifts assoiated with the Hartree-Fok potential for a spherial nuleus, obtained
with the SLy4 interation for n∞ = 0.011 fm
−3
( orresponding to λ = 5.8 MeV (a)) and for n∞ =
0.037 fm
−3
( orresponding to λ = 11.3 MeV (b)), and with the SkM∗ interation for n∞ = 0.011
fm
−3
( orresponding to λ = 5.8 MeV ()), and for n∞ = 0.038 fm
−3
( orresponding to λ = 11.3
MeV (d)). The energy is referred to the asymptoti value of the mean eld potential far from the
nuleus.
signiant hange of the phase spae density relevant for the vortex formation.
C. Pinning energies
We now turn to the alulation of the pinning energy, dened above in Setion III. We
reall that we ompare the energy of the 'pinned' onguration (vortex axis passing through
the enter of the nuleus) with the 'interstitial' onguration, in whih we assume that
the vortex is plaed far from the nulei, so that its properties are the same as in uniform
matter. In both ases, we assume that the interation of the vortex with 'distant' nulei an
be negleted. In order to address the validity of our approximation in a quantitative way,




























Figure 23: (left): The pairing gap assoiated with a ν = 2 vortex pinned on the nuleus (Z =
40, ν = 1), alulated with the SLy4 interation at n∞ = 0.011 fm
−3
. The uts refer to xed value
of z = 10 fm (short dashed urve), z = 5 fm (dashed line) and z = 0 fm (solid line). (right) The
pairing gap at z = 0 (dashed line) is ompared to the approximation (12) (solid line) .
assoiated with the lattie [5℄. One expets, however, that our approximation should be
reasonable if the vortex radial dimension is smaller than the distane between nulei, as
given by the diameter of the Wigner-Seitz ell alulated by Negele and Vautherin. To
obtain some insight about this point, we need an estimate of the extension of the vortex.



















Figure 24: Comparison between dierent denitions of the vortex radius: R50% (solid urve), R90%
(dashed urve) and oherene length (short dashed urve), alulated with the SLy4 interation for
a vortex in uniform neutron matter at various neutron densities.
employs the oherene length, ξ = ~2kF/mπ∆, shown in Fig. 24 by the short-dashed urve.
We also show two dierent estimates of the vortex radius [30℄, namely the distanes R90%
or R50% from the axis where the pairing gap reahes 90% or 50% of its asymptoti value.
Aording to this gure, the oherene length and R90% display a similar dependene on
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density, while the quantity R50% is small and almost independent of the density. We shall
take R90% as a measure of the vortex radius, as this is the most onservative estimate.
Let us then onsider the interstitial onguration rst.
In this ase we require that when the vortex has reahed its asymptoti gap, the neutron
density is still lose to its asymptoti ninfty, that is, it is not appreiably aeted by the
neighbouring nulei. We then introdue the distane Rsafe ≡ RWS − 1.2RN . Aording to
the parametrization (11), the quantity Rsafe represents the distane where the dierene
between the neutron density and its asymptoti value has redued to 10% of its maximum
value. It turns out (see Fig. 26) that the dimension of the vortex is always smaller than
Rsafe, although it approahes this value at the largest densities we have onsidered in our
alulations.
Conerning the pinned onguration, the radii of the pinned vorties, measured through
R90%, are 4-6 fm larger than in uniform matter, depending on the interation (f. Fig. 25).
However, the neglet of neighbouring nulei appears to be even better justied for the pinned
than for the interstitial onguration disussed previously. In fat, in the pinned ase one
should ompare R90% with the distane between neighbouring nulei 2RWS (or better with
2Rsafe). In all ases the alulated radii of the pinned vorties are onsiderably smaller than
this value.
Consequently we an safely desribe the struture of the vortex in the inner rust, both
in the interstitial and in the pinned onguration, within ylindrial boxes of the order of
R90%. However, in the alulation of the pinning energy we need a ommon box size value
for the two vortex ongurations. This implies using a box of radius lose to the value R90%
for the pinned onguration, whih is the largest one: this quantity remains smaller than
Rsafe, as an be seen omparing Fig. 25 with Fig. 26.
In pratie we have used somewhat larger radii in the alulation of the pinning energy in
order to hek that our boundary onditions do not produe any relevant eet (see appendix
A).
The fat that the presene of neighbouring nulei is not relevant for the alulation of the
pinning energy for the densities onsidered in this paper, is onrmed by expliit estimates










































































Figure 25: The vortex radius, R90% is shown for the pinned vortex (solid urves) and for the vortex
in uniform matter (dashed urves), for the four Skyrme interations.
After alulating the energies of the four dierent ongurations of Fig. 6, and using
Eqs.(8) and (9) we ompute the pinning energies shown in Fig. 27 for dierent values of
λ and n∞ (f. Tables I and II). An estimate of the numerial errors assoiated with the
alulations is given in Appendix B. Some details of the energy alulations performed with
the interations SLy4 and SkM* are reported in Tables III and IV, in whih we list the
values of the hemial potential, of the number of neutrons, of the total energy Etot and
of the pairing energy Epair (f. Appendix A). The total energy assoiated with the two
alulations with a vortex (labeled 'Pinned' and 'Vortex'), has been orreted by the term
∆E introdued at the end of Setion III, in order to aount for the dierene in number of
neutrons ompared to the orresponding alulations without vortex (labeled 'Nuleus' and
'Uniform').
All the interations yield weak pinning (Epinning . 0) at the smallest densities we have
alulated (n∞ ∼ 0.001 fm
−3
), and yield a few MeV antipinning for n∞ = 0.01− 0.02 fm
−3
.
At higher density, the SkM* and SGII interation lead to a strong antipinning (Epinning >
0) , in marked ontrast with the other two interations, whih instead again produe weak
pinning at the highest density points. This dierent density dependene an be related to
29
Figure 26: (left) Comparison between the vortex radius (R90%) and the distane Rsafe. The
interations SII and SLy4 have very similar radii at a xed neutron density and their urves are
almost superimposed; the same is true for SkM* and SGII. (right) Illustration of the density prole
obtained with the parametrization (11). At a distane 1.2 R0 from the enter of the nuleus, the
dierene between the neutron density and its asymptoti value has redued to 10% of its maximum
value.





































Figure 27: ((left) Pinning energy alulated as a funtion of the asymptoti neutron density with
the interations SLy4 (dashed line) and SII (solid line). The lines onnet the alulated points.




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 1.65 188.52 -103.99 -904.05 -902.68
3.37
Nuleus 1.6 189.35 -120.61 -906.05
-1.08
Vortex 1.65 82.09 -112.32 93.60 96.02
4.45
Uniform 1.6 83.56 -130.98 91.57
SLy4 n∞=0.002 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 2.05 229.87 -167.31 -825.98 -821.42
5.69
Nuleus 2.00 232.09 -195.74 -827.11
-1.20
Vortex 2.05 125.93 -181.19 177.47 181.11
6.89
Uniform 2.00 127.71 -208.13 174.22
SLy4 n∞=0.004 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 3.05 413.36 -354.79 -288.67 -288.11
19.93
Nuleus 3.0 413.55 -447.36 -308.04
5.03
Vortex 3.05 272.14 -407.00 567.28 576.10
14.90




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 4.75 783.54 -816.18 1220.08 1252.77
34.82
Nuleus 4.70 790.42 -937.12 1218.06
0.40
Vortex 4.75 653.65 -884.15 2128.650 2148.74
34.42
Uniform 4.70 657.88 -977.32 2114.32
SLy4 n∞=0.011 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 5.73 1086.7 -1068.50 2858.24 2839.90
50.09
Nuleus 5.63 1083.5 -1215.42 2789.81
0.42
Vortex 5.74 965.4 -1146.52 3816.77 3816.77
49.67
Uniform 5.67 962.6 -1258.76 3751.11
SLy4 n∞=0.017 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 7.05 1647.33 -1245.87 6544.28 6595.52
77.09
Nuleus 7.0 1654.60 -1460.55 6518.42
6.21
Vortex 7.05 1498.32 -1375.65 7322.81 7346.86
70.88




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 8.55 2452.99 -1174.10 12956.57 13058.04
104.02
Nuleus 8.50 2464.86 -1467.41 12954.02
6.19
Vortex 8.55 2301.11 -1362.87 13712.91 13714.88
97.83
Uniform 8.50 2301.34 -1541.69 13617.05
SLy4 n∞=0.037 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 10.05 3332.59 -762.77 22821.65 22814.52
122.01
Nuleus 10.0 3332.53 -1159.46 22692.50
-0.41
Vortex 10.05 3500.58 -1012.38 23418.71 23419.28
122.42
Uniform 10.0 3501.29 -1230.38 23296.86
Table III: Calulation of the pinning energy with the interation SLy4 for the various neutron
densities we have onsidered. (f. Table I). In eah ase, we give the values of the hemial potential
λ, (in MeV), the number of neutrons N , the pairing energy Epair (in MeV), the total energy Etot
(in MeV) (f. Appendix A), assoiated with the four ongurations labeled Pinned (vortex on a
nuleus), Nuleus (nuleus in the neutron sea), Vortex (vortex in uniform matter), Uniform (uniform
matter). For the ongurations Pinned and Vortex we give the total energy Etot+∆E (in MeV),
orreted in order to obtain the same number of neutrons as in the ongurations Nuleus and
Uniform. We also give the ost Evor (in MeV) to reate the vortex pinned on the nuleus and the




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 1.27 199.36 -120.64 -946.97 -938.50
3.49
Nuleus 1.2 206.14 -169.11 -941.99
-1.51
Vortex 1.25 89.99 -127.51 82.77 86.23
5.00
Uniform 1.2 92.74 -149.53 81.23
SkM* n∞=0.002 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 1.40 221.48 -156.20 -917.12 -894.54
6.45
Nuleus 1.35 237.61 -229.53 -897.14
-3.85
Vortex 1.40 117.20 -172.05 120.66 124.78
2.61
Uniform 1.35 120.15 -198.97 118.33
SkM* n∞=0.004 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 2.05 378.80 -413.59 -626.93 -499.45
13.70
Nuleus 2.00 440.98 -524.10 -513.16
-1.63
Vortex 2.05 278.08 -440.18 417.50 429.03
15.33




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 3.05 785.03 -919.51 459.09 512.59
39.67
Nuleus 3.00 802.57 -1085.98 472.92
3.95
Vortex 3.05 659.10 -1002.84 1459.46 1486.87
35.72
Uniform 3.00 668.09 -1106.10 1451.15
SkM* n∞=0.012 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 3.62 1057.68 -1235.92 1420.66 1436.74
57.07
Nuleus 3.53 1062.12 -1412.41 1379.67
6.38
Vortex 3.60 926.77 -1317.69 2401.44 2398.33
50.69
Uniform 3.53 925.91 -1433.06 2347.63
SkM* n∞=0.016 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 4.25 1397.33 -1534.87 2827.25 2970.22
73.78
Nuleus 4.20 1430.97 -1749.45 2896.34
7.97
Vortex 4.25 1280.31 -1636.09 3864.68 3901.98
65.81




λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 5.65 2261.44 -1897.82 7286.06 7358.10
116.90
Nuleus 5.60 2274.19 -2161.68 7241.19
16.33
Vortex 5.65 2128.52 -2026.77 8249.63 8286.71
100.57
Uniform 5.60 2135.08 -2227.12 8186.13
SkM* n∞=0.038 fm
−3
λ N Epair Etot Etot+∆E E
vor Epinning
Pinned 7.55 3481.75 -1857.15 15563.57 15566.52
154.43
Nuleus 7.5 3482.14 -2130.98 15412.09
18.27
Vortex 7.55 3342.92 -1965.67 16476.96 16486.52
136.16
Uniform 7.5 3344.18 -2210.59 16350.36
Table IV: The same as in Table III, but for the SkM* interation.
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V. COMPARISON WITH PREVIOUS MODELS
The density dependene of the pinning energy presented above is remarkably dierent
from that obtained in previous works.
Epstein and Baym [10℄ alulated the pinning energy solving the Ginzburg-Landau equa-
tion. They assumed that in the pinned onguration 'the order parameter in the nuleus
would be similar to that for the unperturbed vortex line'. They alulated the kineti energy
assoiated with the vortex axis at a distane s from the enter of the nuleus, assuming the
same funtional form and spatial dependene for the order parameter assoiated with the
vortex, with or without the presene of the nuleus. Due to their basi assumption, the
dierene in energy between the pinned (s = 0) and the interstitial (s→∞) ongurations
only involved the ondensation energy (f. Eqs. (5.2), (A13) and (C3) of their paper). As
a onsequene, the pinning onguration beomes favoured when less pairing energy is sup-
pressed by the vortex, than in uniform matter. This in turn implies, that the pairing gap
inside the nuleus must be smaller than in the outer gas: this happens in their alulation




, or 0.0055 fm
−3
.
The results obtained by Epstein and Baym are qualitatively similar to those obtained
in the semilassial model studied by Donati and Pizzohero [11℄ using the Argonne fore,
who found antipinning at low densities and pinning for densities larger than about 0.01
fm
−3
(f. Fig. 28() and Fig. 33). As we disuss in Appendix C, the dierenes between
the quantal and the semilassial results are not due to dierenes in the denition of the
pinning energy. In order to have some better insight, we reall that the pinning energy
is the dierene between the exitation energy Evorunif assoiated with a vortex reated in
uniform matter and the exitation energy Evornuc assoiated with a vortex built on the nulear
volume (f. Eq. (9)). In the model of ref. [11℄ these exitation energies result from two
essential ontributions. One of them is the ondensation energy Econd, assoiated with the
pairing elds alulated with and without the presene of the vortex. The other is the
kineti energy Eflow assoiated with the veloity eld reated by the vortex. For eah of the
four relevant onguration (pinned, nuleus, vortex, uniform), Eflow and Econd are obtained
integrating respetively the kineti energy density 1/2 Φ2/n, and the ondensation energy
density -3/8
[
n(ρ, z)∆2(ρ, z)/(λ− UHF (ρ, z))
]
. The exitation energy assoiated with the
pinned vortex is estimated as Evornuc = [Eflow +Econd]pinned− [Eflow +Econd]nucleus. Similarly,
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Evorunif = [Eflow +Econd]vortex− [Eflow +Econd]uniform. Finally, the pinning energy is obtained




unif . The ontribution of Eflow to the pinning energy is then Eflow ≡
[Eflow]pinned− [Eflow]nucleus− [Eflow]vortex+[Eflow]uniform, and similarly for Econd. The values
of Eflow and Econd obtained in the semilassial model of Ref.[11℄ are shown in Fig. 28() as
a funtion of density. It is seen that Econd is negative for densities larger than about 0.01 fm
−3
. This is assoiated with the fat that the pairing gap in the nuleus is smaller than in the
external neutron gas. Consequently, reating a vortex passing through the nuleus destroys
less pairing energy than reating a vortex in uniform matter. The gain in ondensation
energy is largest, when the pairing gap in the neutron gas is maximum (kF ∼ 0.8 fm
−1
, or
n ∼ 0.02 fm−3, f. Fig. 3). The radius of the vortex ore is 2-3 fm larger in the pinned than
in the uniform ase (f. Fig. 29); this leads to a modest redution of the kineti energy in
the pinned ase. As a onsequene the ontribution of Eflow is negative and rather small.
In the semilassial model, the radius of the vortex ore is determined requiring that
the absolute value of the ondensation energy density be equal to the value of the kineti
energy density assoiated with the vortex ow. In uniform matter the vortex ore is equal
to the oherene length ξ whih is of the order, or larger than the nulear radius R0 . At
high neutron densities in the rust ξ > R0; the nuleus is inluded in the vortex ore and
annot inuene its properties. The semilassial model is then very similar to Epstein and
Baym's and the pinning energy is only due to the ontribution from the ondensation energy
(f. Fig. 28()). At lower neutron density, ξ ∼ R0. In this ase the kineti energy density
inreases on the nulear surfae leading to an inrease of the ore radius of 2-3 fm. In this
ase the pinning energy reeives a ontribution also from the kineti energy.
In Fig. 28(a) and (b) we show the quantities Eflow and Econd obtained from our alulated
potentials, pairing gaps, urrents and densities assoiated with the SLy4 and SkM
∗
mean
elds. For densities lower than about 0.02 fm
−3
, the results obtained with the two mean
elds are rather similar, and are substantially dierent from the semilassial results: both
Eflow and Econd are muh larger in absolute value and Econd takes positive values. This
dierene is diretly related to the muh larger vortex radius we alulated in the pinned
onguration (f. Fig.25). In turn, this is assoiated with shell eets, whih have been
disussed above in Se. IV and whih are not onsidered in the semilassial model, As a
onsequene, in our alulations pairing is suppressed not only inside the nulear volume,
but also in a large layer (6-7 fm thik) in the interfae region between the nulear surfae
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and the neutron gas (f. Fig. 15). This hanges the energy balane as ompared to the
semilassial model, and makes it less favourable to build the vortex on the nuleus. One
should also add that, due to proximity eets, the pairing eld does not vanish in the nulear
volume, as it happens in the Loal Density Approximation with the Argonne potential (f.
Fig. 8-10) [27℄. On the other hand, the large ore radius implies the suppression of the
veloity eld in a large volume (f. Fig. 16), leading to large negative values of Eflow.
At densities larger than about 0.02 fm−3, one an notie a hange in the density depen-
dene of Eflow and Econd in the ase of the SkM
∗
interation: Eflow inreases and Econd
dereases, reahing values loser to the semilassial ones. This is related to the weakening
of shell eets for λ > 10 MeV with this interation (f. Fig. 22).
While in the semilassial model the pinning energy is essentially the sum of Eflow and
Econd, in our self-onsistent alulations, the hanges in the mean eld indued by the vortex
play an important role. This an be seen in Figs. 28(a),(b), where we ompare the pinning
energy with the sum Eflow + Econd. The ontributions of the hanges in the mean eld to
the pinning energy are of the order of 5-10 MeV: they are smaller than the range of values of
Eflow or Econd but are relevant for a quantitative assessment of the pinning energy, leading
in some ases to a hange of its sign.
VI. CONCLUSIONS
Vorties are one of the learest examples of the quantal nature of superuids. In partiular
of Fermi superuids made out of a large number of overlapping Cooper pairs. Rotation an
only happen by giving one (ν = 1) or more (ν = 2, ...) units of angular momentum to
eah Cooper pair. It is then not surprising that the properties of these rotoni exitations
in a rather omplex many-body system like that of nite nulei forming a Coulomb lattie
immersed in a sea of free neutrons display a omplex dynamis, reeting simultaneously the
variety of quantal behaviour assoiated with both nite and innite systems. In partiular
spatial quantization typial of nite many-body systems whih provides speial bunhiness to
the single-partile levels and is responsible not only for the speial stability of ertain nulear
speies, but also determines the struture of single-partile resonanes in the ontinuum:
nulear struture and nulear reation aspets of the same phenomenon.
The eetive mass (mk) assoiated with the nuleon-nuleon interations used to desribe
39




























































Figure 28: Pinning energy, ow energy and ondensation energy (in MeV) derived from the HFB
alulations using the SLy4 mean eld (a) or the SkM
∗
mean eld (b). In () we show the same
quantities alulated in the semilassial model.
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Figure 29: The radii of the free and pinned vortex aording to our quantal model (f. Fig. 25)
alulated with the SLy4 and with the SkM
∗
mean elds are ompared with the radii obtained in
the semilassial model of ref. [11℄
the system makes these eets more or less important depending on whether mk is smaller
than, or lose to the bare mass m, in keeping with the fat that the assoiated mean elds
are deeper or shallower, leading to larger or smaller energy separations between resonanes
of dierent parities, respetively.
While the assoiated results for the pinning energy are quite dierent, in the rst ase
(mk < m) produing a bell shape like pinning energy behaviour as a funtion of density,
and in the seond ase (mk ∼ m) prediting a linearly inreasing behaviour, both are quite
dierent from the semilassial result. Consequently, while we annot say whih of the two
behaviours is orret due to the existing latitude in the parametrization of eetive nulear
fores, one an onlude that there is likely no alternative to a full quantal treatment of
the nuleus-vortex interation in the determination of the pinning energies. To beome
quantitative, one needs to onsider on par with the bare nuleon-nuleon interation, the
indued interation arising from the exhange of density and spin modes, taking into aount
both self-energy, vertex and indued interation type of proesses. There is a formidable task
lying ahead, if one wants to beome quantitative and realisti onerning the vortex-nuleus
interation in the situation typial of the inner rust of a neutron star. We believe that one




The HFB equations an be written in ylindrial oordinates as
(Tˆ + UHF (ρ, z)− λ)uqm(ρ, z, φ) + ∆(ρ, z, φ)vqm(ρ, z, φ) = Eqmuqm(ρ, z, φ)
∆∗(ρ, φ, z)uqm(ρ, z, φ)− (Tˆ + U
HF (ρ, z)− λ)vqm(ρ, z, φ) = Eqmvqm(ρ, z, φ).
(13)





∇ ontains the eetive mass µ(ρ, z) assoiated
with the adopted Skyrme interation, while ∆ is the pairing eld and UHF is the mean
eld potential alulated using the Skyrme funtional. We inlude all the terms of the
Skyrme funtional listed in Eqs.(2.1) of ref. [23℄, exept for the spin-orbit and the spin
gradient terms. The index q labels the dierent quasipartile energies E and amplitudes u, v
assoiated with a projetion m of the orbital angular momentum along the z−axis. Sine
we neglet the spin-orbit interation, the spin degree of freedom is taken into aount simply
by the degeneray fator g = 2.
For a system with axial symmetry respet to the z-axiz, the harateristi ansatz for the
study of the vortex is [20, 24, 25℄
∆(ρ, z, φ) = ∆(ρ, z)eiνφ, (14)
where ν = 0, 1, 2... is the vortex index.
The normal and abnormal densities are given by





qm(ρ, z, φ) (15)
and by





qm(ρ, z, φ), (16)
and the gap is given by
∆(ρ, z, φ) = −Vpairκ(ρ, z, φ). (17)
The Hartree-Fok eld UHF is alulated aording to Eq. (2.8) of ref. [23℄. We assume the
following form for the dependene of the quasipartile amplitudes on the angle φ:
uqm(ρ, z, φ) ∼ e
imφ ;




In this way, Eqs.(16) and (17) lead to a pairing eld whih is onsistent with the ansatz
(14).
We shall only solve the axially symmetri equation for the neutrons. Aording to the
study of Negele and Vautherin [1℄, who negleted pairing in the minimization of their en-
ergy funtional, the favoured number of protons is mostly determined by shell eets, and
varies from Z = 40 to Z = 50. Beause we neglet the spin-orbit interation, the natural
hoie for us is to assume Z = 40, orresponding to a shell losure. However, more reent
studies inluding pairing have shown that the value of Z an depend on the details of the
funtional, being sometimes rather dierent from Negele and Vautherin's solution [18℄. We
have not investigated whether a dierent hoie of Z would lead to important hanges in
our results. The protons are deeply bound and for this reason they are not expeted to
be inuened signiantly by the vortex, and thus the proton eld should essentially keep
spherial symmetry. We then perform a simple spherial HF alulation for the protons,
enlosing them in a spherial box of radius 15 fm, and arry out a spherial average of the
neutron part of the potential felt by the protons (in partiular at eah iteration we replae
the neutron density n(ρ, z) by an isotropi nav(r) obtained averaging n(ρ, z) on the surfae
of a sphere of radius r).
We shall solve the HFB equations in a ylindrial ell of radius ρbox and height hbox (f.
Fig. 4), imposing the boundary ondition uqm(ρ, z, φ) = vqm(ρ, z, φ) = 0 for ρ = ρbox, or
z = ±hbox/2. We shall expand the quasipartile amplitudes on a single-partile basis writing
uqm(ρ, z, φ) =
∑
ih
Uhi;qm φhm(ρ) ψi(z) e
imφ
(19)
vqm(ρ, z, φ) =
∑
ih
Vhi;qm φh(m−ν)(ρ) ψi(z) e
i(m−ν)φ.












In the ρ diretion we have taken the set of solutions assoiated with the Shrödinger equation

















φhm(ρ) = ǫhmφhm(ρ), (21)
where µ0 indiates the bare nuleon mass. Projeting the HFB equations on the ho-














































HF (ρ, z)φhmψi(z); (24)
∆lhij,m = 2π
∫
dρdzρ φlm(ρ)ψj(z)∆(ρ, z)φh(m−ν)ψi(z). (25)
The total energy is given by Etot = EHF + Epair, where is EHF alulated aording to





dρdzdφ ρκ∗(ρ, z, φ)∆(ρ, z, φ) (26)
In the literature, one nds dierent hoies onerning the boundary onditions applied
to alulations in Wigner-Seitz ells. In Fig. 30 we ompare the values of the gap at the
Fermi energy ∆F obtained with the SLy4 mean eld as a funtion of the Fermi momentum in
a spherial box of radius R= 30 fm, with those independently alulated in innite neutron
matter and already shown in Fig. 3. We have used three dierent boundary onditions for
the single-partile wavefuntions: (a) all the wavefuntions vanish at the edge of the ell
(the boundary ondition adopted in this paper) (b) the wavefuntions of even orbital angular
momentum and the derivatives of the wavefuntions of odd orbital angular momentum vanish
at the edge of the ell (the boundary ondition adopted by Negele and Vautherin); () the
same as (b), but exhanging the role of odd and even angular momenta. It is seen that
the agreement with the result obtained in innite matter is of the same quality in the three
ases (f. also the disussion in ref. [28℄).
We have also heked that with our boundary onditions (a) we reprodue aurately the
values of the energy per partile in neutron matter alulated analytially with the Skyrme
interations we have onsidered. As we disussed in Setion IVB, using boundary onditions
(a) we have also been able to reprodue the pairing gap assoiated with the vortex (ν = 1),
alulated by Bulga and Yu in innite neutron matter.
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For alulations with protons, that is, with a nuleus at the enter of the box, we have
found that in all the alulations reported in this paper, the pairing gap at large distanes
(ρ > 20 fm) resumes the value alulated in uniform neutron matter at the relevant density.
Obviously with boundary onditions (a) the pairing gap drop quikly to zero at the edge
of the box. We have heked that this does not inuene the alulations of the pinning
energy, whih is obtained subtrating the energies of dierent ongurations, as disussed
in the next Setion.
In all our alulations we have used boxes with radii equal to, or larger than, 30 fm. In
other works, where one has to alulate the pairing gap inside the atual Wigner-Seitz ells,
one nds some lear dependene on the boundary ondition for ells smaller than about 20
fm [18℄. In this ase, one should onsider in detail the inuene of the Coulomb lattie [5℄.














Figure 30: Comparison between the gap obtained requiring that the radial single-partile wave-
funtions uL(r) vanish at the edge of the spherial box for all orbital angular momenta L (rosses),
or that uL(R) (for L even) and duL/dR(L odd) vanish at the edge of the box (stars), or that uL(R)
(for L odd) and duL/dR(L even) vanish at the edge of the box (irles). The solid urve shows the
pairing gap alulated in innite neutron matter.
VIII. APPENDIX B
In this Appendix we give some details onerning the numerial auray of the alula-
tion of the pinning energy. This is important, beause the pinning energy, whih is of the
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order of a few MeV, results from the dierene of the total energies of the various ongura-
tions, whih are of the order of a few GeV. The main parameter that inuene the auray
of our alulation is the mesh size. Furthermore, we have to hek that the size of the box
( that is, its height hbox and its radius ρbox) is suiently large, to obtain stable results.
As we disussed in Setion IVC, we expet that values like hbox = 40 fm and ρbox = 30 fm
are suiently large to guarantee that the pinning proess is not signiantly inuened by
the boundary. In fat, the typial vortex radius, as measured by R90%, is about 15 fm (f.
Fig. 25). Moreover, the alulation of the pinning energy is more sensitive to the value of
ρbox than to hbox, beause the distortion of the pinned vortex is muh more relevant on the
equator (f. for example Fig. 14). We have studied in a few ases the dependene of the
omputed values of the pinning energy on ρbox, making alulations of the relevant ongu-
rations with dierent boxes. In Tab. V and in Tab. VI we show the values of the pinning
energy alulated with dierent box sizes for the SII and SLy4 interations. The values
show very modest utuations with the box size for the points assoiated with densities up
to about n < 0.017 fm−3, for whih we an estimate an unertainty of the order of 200 keV.
For the highest density points, the utuations beome larger, but do not exeed 1-2 MeV.
This is related to the fat that the vortex radius inreases with density, partiularly with
the SII and SLy4 interations (f. Fig. 25).
λ [MeV℄ n∞ [fm
−3
℄ ρbox= 30 fm ρbox= 25 fm
3 0.004 -1.51 -1.65
5.8 0.011 3.26 3.46
7 0.016 1.64 1.34
11.3 0.035 2.34 1.77
Table V: Pinning energy (in MeV) alulated with the SII interation at various values of the
hemial potential and of the asymptoti neutron densities, for two dierent radii of the ylindrial
box.
The size of the mesh in ρ and z used in the ode that solves the HFB equations and
alulates the energy is ruial for the auray of the alulations. We have studied the
inuene of the mesh (for the ρ oordinate) in the ase of the SLy4 interation at the density
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λ [MeV℄ n∞ [fm
−3
℄ ρbox= 35 fm ρbox= 30 fm ρbox= 25 fm
5.7 0.011 0.45 0.42 -0.3
7 0.017 6.07 6.21 5.54
10 0.037 1.64 -0.41 1.78
Table VI: Pinning energy (in MeV) alulated with the SLy4 interation at various values of the





















Figure 31: Pinning energy alulated with the SLy4 interation at the density n∞ = 0.001 fm
−3
as
a funtion of the mesh size used in the ρ-oordinate.
n∞ = 0.0013 fm
−3
and the results are shown in Fig. 31. The utuations of the pinning
energy for a mesh smaller than 0.3 MeV are of the order of hundreds of keV (. 0.2 MeV).
IX. APPENDIX C
In a semilassial study of the problem under disussion [11℄ the pinning energy was
dened as the dierene of the energies assoiated with the pinned and the interstitial
ongurations, taking expliitly into aount the presene of one of the neighbouring nulei
(f. the left part of Fig. 32). This denition of pinning energy redues to ours, if the
interation of the vortex with the seond nuleus is negligible. We have tested the importane
of the neighboring nuleus within the semilassial model, for the range of densities we have
onsidered. We rst omputed the energy of eah of the relevant ongurations using the
semilassial theory, the two pairing interations (Argonne and Gogny) and the parameters
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Figure 32: (left) The sheme used by Donati and Pizzohero [11℄ where the pinning energy takes
into aount the presene of a neighboring nuleus; (right) the sheme we used, where the pinning
energy is evaluated as the dierene between the osts to exite a vortex on a nuleus and in uniform
matter.
presented in Ref. [11℄ , instead of solving the HFB equations. We then alulated the pinning
energy using the sheme proposed in Ref. [11℄: the resulting values are onneted by the
dashed urves in Fig. 33, and they reprodue quite aurately the values reported in ref. [11℄,
already shown in Fig. 28() in the ase of the Argonne interation. In Fig. 33 we also show
the pinning energies alulated using the semilassial energies, but using our sheme (f.
the right part of Fig. 32). The two shemes yield an almost equal result, showing that the
dierenes existing between the quantal and the semilassial alulations are not due to
the geometrial sheme used to derive the pinning energy, and that the ontribution of the
seond nuleus plays in fat a marginal role, also following the formalism of ref. [11℄. The
situation may hange at larger densities, where the vortex radius beomes of the order of















































Figure 33: Solid and dashed urves show respetively the pinning energies alulated using our
sheme (Fig. 5, right part), or the sheme of Ref.[11℄ (Fig. 5, left part). In both ases, we
have omputed the energies of the dierent ongurations using the semilassial model, with the
Argonne pairing interation (left panel) or the Gogny pairing interation (right panel).
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